Results of computations of cosmic-ray trajectories in the model magnetic field obtained for a high-latitude neutron-monitor station (Oulu) and a middle-latitude one (Lomnický Stít) are summarized. The method is slightly different from previous computations by controlling the smoothness of the trajectory. At the lowest rigidity edge of allowed trajectories for Oulu (above the atmospheric cut-off), the external field and the addition of Dst shows variations of the asymptotic directions with the level of geomagnetic activity and with local time of observations. The transmissivity function introduced here, accounting for variability of the magnetic field with changing Kp and with local time, may be used as a reference for description of the average magnetospheric transparency at middle latitudes and it is probably better approximation than IGRF only. There are indications of appearance of windows of allowed trajectories at very low rigidities in the middle latitudes at 500 km (altitude of, e.g., CORONAS satellites or ISS) during the geomagnetic disturbance which is not the case for trajectories computed from the ground. : 96.40.Kk, 95.85.Ry 
Introduction
Details of cosmic-rays transport in the Earth's magnetosphere, to access ground cosmic-ray stations or low-altitude satellites, have been studied since long (see, e.g., [1, 2] ). The main tool for this study is a numerical back-tracing of cosmic-ray particle's trajectory in a geomagnetic field model. The trajectory starts from the observational site and is traced back by reversing the particle's velocity vector and the sign of charge. The computed trajectory is regarded as allowed (A), if it crosses the magnetospheric boundary, and as forbidden (F), if the trajectory rests on the Earth's surface, or trapped, if it remains within the magnetosphere for a long time. Progress of cosmic-ray trajectory computations in the geomagnetic fields has been summarized recently in [3] . Between the allowed and forbidden ranges of particle's rigidity, there is an area of complicated intermittent structure, the penumbra. From the penumbra structure, the following concepts of cut-off rigidity can be identified [4] : lower cut-off, R L , is the rigidity, below which all trajectories are forbidden, upper cut-off, R U , is the rigidity above which all trajectories are allowed, and the effective rigidity cut-off, R C . It is usual to characterize a given site by its vertical effective cut-off. The vertical cut-off rigidities computed for various epochs in the internal geomagnetic field are summarized in [5] . In addition to the internal geomagnetic field, external field models were used for the trajectory computations of cosmic rays in several papers [6] [7] [8] . Introducing an external magnetic field model, which assumes the varying current systems within the magnetosphere and near its boundary regions, provides a better approach to the description of the cut-offs, the structure of penumbra and of the asymptotic directions.
Sometimes the classical approach fails to explain observational facts. For example, it has been found recently that there is a significant difference in count rates of NMs with close asymptotic directions (e.g. Oulu and Apatity) during an anisotropic phase of GLE that occurred during 14-16 hours of the local magnetic time [9] . Including the external field for low-altitude satellites improves the agreement between computed and measured positions of cut-off latitudes, although a difference of ≈ 1
• still remains [10] . Therefore, computations of trajectories, using different approaches, are still important for description and understanding the magnetospheric transmissivity of cosmic rays.
In this paper, we introduce a method of trajectory computations and compare it with earlier results. We describe effects of the external-field model [11] and its extension with including Dst, according to [12] , which is found to be relevant for neutron monitor measurements at high (Oulu) and a middle (LomnickýŠtít) latitude stations as well as for low-altitude satellites. We also test the stability of the trajectory and consequent cut-off computations vs. uncertainties of the magnetic-field models. The transmissivity function introduced here can be used as an additional reference to the concepts of lower, effective and upper cut-offs at middle latitudes. For example, such an approach has been recently applied for determining cut-off rigidities for the low-orbiting International Space Station [13] .
The calculation method
The model magnetic field used here is a superposition of the DGRF model including all harmonics up to the order of 10 and of the Tsyganenko'89 externalfield model [11] (Ts89 in the following) according to the numerical scheme [14] . The magnetospheric boundary is taken as follows: the shape of the magnetopause is approximated by the form of [15] for the day side (X GSM > 0), while the border is fixed at the distance of 25 Earth radii for the night side (X GSM < 0). The calculated asymptotic directions are given in GEO coordinate system. Using the magnetopause model on the day side gives the information whether the traced CR particle accesses the magnetosphere from the day side or not. The night side boundary is taken as a sphere of 25 R E radius similarly to earlier calculations by other authors (e.g., [2, 16] used 25 R E boundaries for all sectors of local time). In such an approach there is, however, a discontinuity at X = 0. For each crossing of X = 0 between two subsequent points of the trajectory, we distinguish the sense of the direction: if X > 0 at the latter point then the distance is compared to 25 R E , and if X < 0, the position is checked with respect to the magnetopause day side model. The IGRF field model used here is adopted from [17] and from http://nssdc.gsfc.nasa.gov/space/models/igrf.html.
The transport equation of a charged particle in the geomagnetic field is solved numerically by Runge-Kutta method of the sixth order. The elementary computational step along the trajectory is taken as 2πr/n, where r is the particle's gyroradius (in the local magnetic field) and n is initially taken as 100, similarly to the procedure in [18] . During computations, we control both the conservation of the particle's velocity modulus and smoothness of the trajectory. If the deviation of v (velocity vector) in two subsequent points of the trajectory exceeds a preselected value (T ) at some elementary computational step, then this step is recalculated with the halved length. If the trajectory is not resolved as F or A after the preselected number N of elementary computational steps, then it is regarded as forbidden one (F). Then the value of R C is computed from the system of F and A trajectories. Backward computations start from the point with the altitude of 20 km above the observational site in vertical (radial to the Earth's center) direction assuming the spherical shape of the Earth with the average radius 6371.2 km. As an example, Table 1 shows the effective vertical cut-off rigidities computed using IGRF only, for Oulu and LomnickýŠtít for different values of N when T is fixed in comparison to the results given in [5] for the epoch 1985. Although these methods are based on different numerical schemes of trajectory tracing, there is a good agreement in the effective vertical cut-offs. One can see that increasing N above 2 × 10 5 results in only a small additional decrease of the calculated cut-offs, due to resolving a few more low-rigidity quasi-trapped trajectories as allowed ones. Moreover, the upper cut-off value R U is stable for both stations for N > 10
5 . Therefore, we use N = 2 × 10 5 in the following.
Transmissivity function
Details of the magnetospheric transparency for cosmic rays can be described by a transmissivity function T F (R, LT, Kp, D), where R, LT , Kp, and D are the particle's rigidity, local time, Kp index, and the day of the year, respectively. In paper [8] the authors examined the seasonal variation of the cut-offs for LomnickýŠtít and found that it is much less than the diurnal variability of the cut-offs (Fig. 2 of the cited paper illustrates the cut-offs for March, June, September, and December, 1990). Accordingly we neglect the seasonal variation. The transmissivity function (T F ) is defined as the probability of a primary particle with rigidity in the interval [R, R + dR] to access vertically the position above the measurement site at a given local time LT during the time, when geomagnetic activity is characterized by Kp index. T F is calculated as the ratio of the number of A to (A+F) trajectories within the rigidity interval [R, R + dR]. We note that, although calculation of each trajectory is unambiguous in the frames of the deterministic computational model, some uncertainties and random fluctuations are always present in the real magnetosphere. The transmissivity function is defined in a probability sense which is more natural taking into account the real uncertainties. Usually, the count rate of a given neutron monitor (NM) is given as follows:
where G(R) and Y (R) are the differential spectrum of CR at the Earth's orbit and the specific yield function of NM, R is the particle's rigidity, and R C is the effective rigidity cut-off. Using the transmissivity function, the count rate is now given as
Hofer and Flückiger [19] introduced in similar manner the geomagnetic filter function in analysing a Forbush decrease. While Eqs. (1) and (2) yield very similar results on average, it appears important to use the transmissivity function approach in some particular cases as will be discussed later. We also note that the difference between Eqs. (1) and (2) may be significant for solar cosmic rays with a soft energy spectrum.
Using different elementary steps in rigidity for the trajectory computations (∆R ranging from 10 −3 to 10 −5 GV) in the interval (0.4-0.8) GV, we found that refining the rigidity resolution below 10 −4 GV does not significantly change the shape of TF and for practical purposes the value of ∆R = 10 −3 GV is sufficient [20] .
Asymptotic directions for a high-latitude station
The transmissivity of cosmic rays through magnetosphere to the Oulu neutron monitor (65.05
• N, 25.47
• E) was calculated. We note that the vertical effective cutoff rigidity of Oulu NM is close to the atmospheric cut-off assuming the response function of a neutron monitor near the sea level (e.g. [21, 22] ). Figure 1 depicts the fine structure of asymptotic directions within the penumbra at the position of Oulu. The fine structure of penumbra and its implications for high-latitude NM count rate was studied also in [23] . Although the structure of penumbra at high latitudes is not expected to affect significantly the count rate of a ground neutron monitor, its implications for energetic particle measurements onboard low-altitude polar orbiting satellites may be important.
One can see from the top panel of Fig. 1 that the neighbouring allowed trajectories are spread widely and randomly in their asymptotic directions as dα is large and has no regular pattern vs. R at R < 0.675. The divergence of the neighbouring trajectories, dα, is not reduced with increasing ∆R, which implies that the model gets unstable. For rigidities in the range from 0.75 GV to 0.81 GV, many trajectories are close to each other (small dα values), but these regular structures are intermitted by areas with large divergence of the neighbouring trajectories. We have studied this transition (from random to regular patterns of trajectories) range in more details. Lower panels of Fig. 1 show the asymptotic directions for the rigidity range (0.67-0.7) GV. One can see that among random large fluctuations there are intervals of rigidity with regular smooth changes of the asymptotic direction (e.g. (0.676-0.677) or (0.692-0.694) GV). These intervals correspond to the entry in the day side sector, while intervals of chaotic behaviour of the asymptotics are mostly related to the night side entries. Similar intervals of regular changes were found also in the penumbra for the mid-latitude station (LomnickýŠtít). This fact is likely related to a more complicated character of low-rigidity particles' trajectories in the geomagnetic tail and to a more complicated geometry of the night side magnetosphere [24] than analytical models predict. Limitations of empirical magnetic-field models have been mentioned earlier (see, e.g. [25, 26] and references therein). In particular, large fluctuations of the observed values of B z near the neutral sheet of magnetosphere with respect to the model value have been reported even during times of low geomagnetic activity (Kp < 2).
We have estimated the effect of uncertainties in the magnetic-field modelling on the cosmic ray trajectories computation for the Oulu position for two cases: one with (B z + 10) nT and the other one with (B z − 2) nT in the tail central region for X < −10 R E , which corresponds to the spread of experimental points in Fig. 4 of [26] . • to 80
• . The effect of changing B z is much more significant during the noontime as it affects rigidities of up to 1.2 GV. This may even be significant for the ground-based observations of an anisotropic flux of cosmic rays (see e.g. [9] ). For better understanding of the night side particle entry the geomagnetic tail model should be extended to larger distances than the border adjusted here (and in earlier computations by other authors).
We have studied also variations of the effective vertical cut-off rigidity vs. the time of observations and vs. the level of geomagnetic activity. We performed a set of calculations for different times with 2-hour step for low (IOP T = 1) and high (IOP T = 6) level of geomagnetic activity as well as for the two levels of Dst. The Table 2 . Effective vertical cut-offs (GV) for Oulu calculated using the Ts89 field model and with Dst extension by method [11] added to IOP T = 6. Date is January 21, 1986. Table 2 . In all computations, where the epoch is not explicitly mentioned, the internal field is taken for January 21, 1986 .
An increase of the geomagnetic activity causes a depression of the calculated cut-off. The smallest depression was found around 06 UT in all cases, while the deepest one is expected in the afternoon and night sectors. The computations indicate that most of the trajectories, which change their status from forbidden (or quasi-trapped) at low geomagnetic activity to allowed at high activity, enter the magnetosphere from the night side. The asymptotics are concentrated eastwards of AS LONG AS LAT Fig. 2 . Asymptotic directions of (0.8-1.5) GV primary cosmic rays accessing vertically the position of Oulu NM at midnight and noon for different geomagnetic conditions. The date is January 21, 1986 . The arrows depict the asymptotic directions corresponding to 0.8 GV in all cases. Rigidity 1.5 GV corresponds to the other end of the line. the station's site, making access more difficult during the local morning. However, since the depressed rigidity cut-off is well below the atmospheric cut-off (about 0.8 GV), an increase of the magnetospheric transparency during geomagnetic disturbances should not affect the count rate of a high-latitude neutron monitor, contrary to low-and middle-latitude stations. A clear illustration of this effect is the geomagnetic storm on March 30-31, 2001 , when a large increase of count rate associated with the decrease of their cut-offs was found at middle-and low-latitude stations, while the count rate of high-latitude stations in both hemispheres (Oulu and Sanae) was continuously decreasing, corresponding to the time profile of the intensity of primaries outside the magnetosphere [27] . Even though cut-off depression during geomagnetic storms is insignificant for high-latitude stations, geomagnetic activity variations influence the asymptotic directions at the low-rigidity range above the atmospheric cut-off (Fig. 2) .
For low geomagnetic activity (IOP T = 1), the asymptotic directions are only slightly changed with the local time except for a north-south asymmetry seen at the lowest R in noon-midnight comparison. However, the asymptotic directions shift significantly westwards and their range is narrowed with increasing geomagnetic activity, especially in the midnight sector. The shift in longitude is more than 90
• for IOP T = 6 and exceeds 150
• for Dst = −300 nT. These effects, especially the narrowing of the acceptance direction interval during strong geomagnetic disturbances, should be taken into account when analysing anisotropic fluxes of low-energy cosmic rays, as, e.g., for GLE on May 24-25, 1990 [28] . The effect of the slight variations of model B, of both additive and multiplicative character, was examined in [20] .
The effect of external field at middle latitudes
At middle latitudes, where the atmospheric cut-off for quiet geomagnetic conditions is negligible compared to the geomagnetic one, the magnetospheric transparency for cosmic rays changes with the geomagnetic activity and with local time of observations. We have analysed a structure of TF for LomnickýŠtít in great details for a wide range of parameters: calculations were performed for different local times with the step of 1 hour as well as for 6 different levels of the geomagnetic activity parameter (IOP T ) in Ts89 model. The variation of R C and R U depicts a wavy structure for each IOP T over a day with the maximum at (7) (8) UT and minimum at (20) (21) UT. The value of the cut-off rigidity decreases with increasing IOP T at all local times [8] . The transmissivity functions computed for different IOP T averaged over 24 hours are displayed in Fig. 3 . The seasonal variability of cut-offs for LomnickýŠtít was found to be lower than the diurnal one [8] and thus it is not studied here.
One can see that TF changes significantly with varying geomagnetic activity. The weighted transmissivity function which accounts for the frequency of different level disturbances occurrence can be introduced as a reference for the long-term average geomagnetic activity. The probability of occurrence of events with various IOP T is shown in Fig. 4 for 1980-1990 . The transmissivity function weighted over the probability of geomagnetic disturbances occurrence is shown in Fig. 4 , too. Long-term averaged values of the vertical cut-offs for LomnickýŠtít, obtained through such weighted averaging, are R L = 3.466 GV, R U = 3.926 GV, and R C = 3.802 GV. Although secular change of the geomagnetic field is small for LomnickýŠtít location, the approach of the weighted transmissivity function should be considered with some caution if used for the long term studies of cosmic rays, since the geomagnetic activity is changing with the solar cycle.
In some cases the time of observations should be taken into account. For instance, an increase in count rates of a number of middle-and low-latitude stations was observed during morning hours associated with the very strong geomagnetic disturbance (Kp up to 9−) on March 31, 2001. However, high-latitude stations (Oulu and Sanae) did not observe this increase. In order to understand this situation, we have estimated the expected NM response using Eq. (2) and T F calculated for this particular time. The calculated change of T F is so large (see Fig. 5 ) that an increase of the count rate expected at middle-and low-latitude stations is in accord with observations. We note that the Ts89 model employs only Kp index with 3-hour resolution with the upper bound of IOP T = 6. However, the profile of middle-latitude NM count rates corresponds to the measured Dst profile, especially for those stations having asymptotics in the night sector [27] . The increasing Dst decreases significantly the rigidity cut-off and modifies T F shifting it towards lower rigidities. The results of computations for two levels of Dst are shown in Table 3 and the transmissivity function affected by Dst is shown in Fig. 5 . The azimuthal and local time dependence of cosmic ray intensity variations due to geomagnetic cut-off changes, especially at middle latitudes, were investigated in [29] [30] [31] . In the former of cited papers the vertical cut-off rigidities and their changes were determined by utilizing trajectory-tracing technique in the magnetic field modelled as a simple dipole field to which the disturbance is superposed. Here we have computed expected changes of asymptotic directions for various local times and geomagnetic activity levels using the Ts89 field model. Figure 6 depicts the results for the low-rigidity part of cosmic ray primaries contributing to the count rate of LomnickýŠtít NM. For the selected interval of rigidities, the computations show a rather stable structure where the neighbouring asymptotic directions are smoothly organized.
When the geomagnetic activity is low, only slight variations of the asymptotic longitude with the local time are expected, and the studied rigidity interval of 0.5 GV width corresponds to a wide longitudinal interval of asymptotics. An increase of the activity level leads, similarly to higher latitudes, to a westward shift and to shrinking of the asymptotics longitudinal extent. The asymptotics are shifted by more than 210
• for 4 GV particles at midnight, when the activity is changed from IOP T = 1 to IOP T = 6 with Dst = −300 nT. The shifts are slightly smaller for the daytime observations. An experimental test of TF changes can be done either by a neutron-monitor latitude surveys or by measurements onboard low-altitude polar orbiting satellites. A real survey requires long time during which geomagnetic field can be significantly changed. However, a correlative analysis of data from neutron monitors located nearly at the same meridian over the entire range of latitudes and thus forming a meridianal chain (e.g., Oulu -Kiel -LomnickýŠtít -Jungfraujoch -RomeIsrael -South Africa -Antarctica) would be also regarded as a latitude survey. The latter approach has been recently performed in [10] using measurements of energetic solar protons on SAMPEX [32] . It was concluded that more detailed dynamical models of the geomagnetic field are needed to obtain a better correspondence to inspace particle measurements. Recently [33] illustrated that measurements of solar particles onboard a low-altitude polar orbiting satellite, which provide an indication of the geomagnetic cut-off location four times per orbital period, are useful for possible warning of significant cut-off suppression. Most probably a single global parameter of magnetic activity adopted by models (like Dst) is not sufficient to explain the full details of observations. A good possibility to experimentally study changes of T F is provided by the SONG instruments onboard the low-altitude polar orbiting satellite CORONAS I. SONG measures, along with neutrons and gamma rays, protons with the energy above 50 MeV [34] . Its high count rate allows to study variations of low-energy cosmic rays at different latitudes separately for each orbit, providing thus nearly momentary latitudinal survey. Kuznetsov et al. [35] reported that, while being in agreement at high latitudes, SONG data did not correspond to the data of middle-latitude neutron monitors (Climax and LARC, both have P C ≈ 3 GV) during a strong geomagnetic disturbance and the related • E) both for the ground (altitude 20 km) and for a low orbit (500 km, corresponding to CORONAS I). We found that a large Dst depression (−300 nT) may cause a very strong depression of the effective vertical cut-off rigidity from 3 GV down to 1.71 GV and to 0.92 GV for the altitudes of 20 km and 500 km, respectively. The computations were done with the rigidity step of 10 −5 GV. The fine structure of the both penumbras is rather complicated. Narrow windows of allowed trajectories with stable asymptotic directions were found for the 500 km altitude. These windows correspond to particles entering the magnetosphere from the night side. Two samples of the penumbra are shown in Fig. 7 . Interestingly, the interval of lower rigidities (0.86-0.87) GV (shown in the bottom panel of Fig. 7 ) has a very regular structure and the transmissivity function (equal to 1) in contrast to the other, more energetic, interval of (1.07-1.17) GV (upper panel). No such transparency windows were found for the altitude of 20 km.
Such windows of transparency may result in the count rate increase observed at the satellite altitude, but missed by the ground neutron monitor. The transparency window shown in Fig. 7 is narrow (0.01 GV in rigidity) and the effect of this window alone is rather small. However, this example stresses that the transmissivity of magnetosphere for low-energy particles may be very different at different altitudes, even at the same geographical position, during periods of high geomagnetic activity. This indicates that a broader case study of the inconsistency between the "orbit by orbit profile" of a low-altitude satellite crossing the fixed mid-latitude L-shell and the ground-based NM profile at the same L (as e.g. Fig. 3 of [35] ) during geomagnetic disturbance and Forbush decrease) would be of interest from the point of view of penumbra expectations and approaches of the trajectory calculations.
Summary
Using the method of trajectory computations of cosmic rays in the model geomagnetic field, with the self-adjusted control of the elementary computational step by keeping the "smoothness" of the trajectory, we study details of the geomagnetic cut-off penumbra for two cosmic ray stations: middle-latitude LomnickýŠtít and high-latitude Oulu. The complicated structure of the penumbra, computed with high rigidity resolution, implies that intervals of smooth change of asymptotic directions with rigidity correspond mainly to trajectories entering the day-side magnetopause, while night entry is sometimes seen as chaotic changes of the asymptotic directions. The asymptotic directions on the night side are influenced by variations of B z in the neutral sheet of the geomagnetic tail. The changes of the cut-off and narrowing of the asymptotic range with the magnetic activity and local time should be taken into account for the study of low-energy cosmic-ray anisotropy in interplanetary space or of the anisotropy of solar energetic particles during GLEs for high-latitude stations.
The transmissivity function introduced here accounting for variability of the magnetic field with changing Kp and with local time may be used as an additional reference (to the R L , R C , R U concept) for description of the average magnetospheric transparency at middle latitudes.
It was found that the structure of penumbra and the corresponding transmissivity function can be significantly different for the ground-based observations and for low-altitude polar orbiting satellites during strong geomagnetic disturbances. As we have shown qualitatively, this effect can be responsible for the observed difference between cosmic-ray intensity as measured by ground-based stations and by low-altitude polar orbiting satellites. A correlative study of data from neutron monitors (meridional chain) and low-altitude polar satellites with large geometrical factors for high-energy particles would provide a tool for testing the transparency expectations based on computations of trajectories.
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